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Abstract
The classification of affine line bundles on a compact complex space is
a difficult problem. We study the affine analogue of the Picard functor and
the representability problem for this functor. Let X be a compact complex
space with H0(OX) = C. Fix c ∈ NS(X), x0 ∈ X. We introduce the
affine Picard functor PicaffcX,x0 : An
op → Set which assigns to a complex
space T the set of families of linearly x0-framed affine line bundles on X
parameterized by T . Our main result states that the functor PicaffcX,x0 is
representable if and only if the map h0 : Picc(X) → N is constant. If this
is the case, the space which represents this functor is a linear space over
Picc(X) whose underlying set is
∐
l∈Picc(X)H
1(Lx0 {l}×X), where Lx0 is
a Poincare´ line bundle normalized at x0.
The main idea idea of the proof is to compare the representability
of PicaffcX,x0 to the representability of a functor considered by Bingener
related to the deformation theory of p-cohomology classes.
Our arguments show in particular that, for p = 1, the converse of
Bingener’s representability criterion holds.
1 Introduction
Let X be compact complex space. The Picard PicX functor associated with X
is defined by PicX(T ) := Pic(T ×X/T ), where
Pic(T ×X/T ) := H0(T,R1fT∗(O∗T×X)) .
A fundamental result of Grothendieck [Gro60, The´ore`me 3.3] states that this
functor is representable by a complex space endowed naturally with a complex
group structure.
Bingener proved a relative version of this theorem: the relative Picard func-
tor PicX/S associated with a morphism X
f−→ S is representable if f is flat,
proper and cohomologically flat in dimension 0 [Bin80, Kapitel II.6]. He also
gave several general representability criteria for similar functors. In this paper
we are interested in the classification of affine line bundles over a compact com-
plex space X, and the corresponding functor PicaffX . By a classical theorem
[Hir56, p. 41, Theorem 3.2.1] the isomorphism classes of holomorphic affine
line bundles on X correspond bijectively to the elements of the cohomology
set Picaff(X) = H1(X,A(1)), where A(1) denotes the sheaf of (locally defined)
holomorphic functions with values in the affine group Aff(1,C). Since this group
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1 INTRODUCTION 2
is non-abelian, the classification problem for affine line bundles is more difficult
and interesting than the one for (linear) line bundles. There is a subtle problem
when one tries to find an alternative description for Picaff(X).
Theorem 1.1. The isomorphism classes of affine line bundles on X correspond
bijectively to isomorphism classes of sheaf epimorphisms p : E → OX , where E
is a locally free sheaf of rank 2.
One can try to use this bijection to give a set-theoretical description of
Picaff(X). The kernel of such en epimorphism is a locally free sheaf of rank 1
(i.e. a line bundle on X). Choosing a Poincare´ line bundle Lx0 on Pic(X)×X
one obtains an identification (see section 2.2):
Picaff(X) =
∐
l∈Pic(X)
H1(X,Lx0 {l}×X)/C∗ . (1)
This quotient is non-Hausdorff (unless h1 is identically zero on Pic(X)), so it
does have a complex analytic structure compatible with the quotient topology.
A natural idea to overcome this difficulty is to consider linearly framed affine
line bundles in the following sense:
Fix a point x0 ∈ X, and define a sheaf A(1)x0 by
A(1)x0(U) = {f ∈ A(1)(U)| λ(f(x0)) = 1 if x0 ∈ U} ,
where λ : Aff(1,C)→ C∗ is the natural group morphism. Furthermore we define
Picaff(X)x0 = H
1(X,A(1)x0) .
Moreover, for a class c ∈ NS(X) we denote by Picaff(X)cx0 the pre-image of
Picc(X) under the natural map H1(X,A(1)x0) → H1(X,O∗X). Then the fol-
lowing result hold.
Theorem 1.2. Picaff(X)x0 (Picaff(X)
c
x0) is naturally identified to the set of
isomorphism classes of pairs (A, ), where A is an affine line bundle on X (of
Chern class c) and  : C → λ(A)x0 is a linear isomorphism. Morphisms of
such pairs are defined in the obvious way. Furthermore one has a natural set
theoretical identifications:
Picaff(X)x0 =
∐
l∈Pic(X)
H1(X,Lx0 {l}×X) ,
Picaff(X)cx0 =
∐
l∈Picc(X)
H1(X,Lx0 {l}×X) .
(2)
In this theorem, the Chern class of an affine line bundle is by definition the
Chern class of its linearisation.
This theorem shows that the set Picaff(X)cx0 is naturally a union of vector
spaces parameterised by Picc(X), so one might think that it should come with a
natural linear space structure [Fis76, p. 49], and that this linear space classifies
families of linearly framed affine line bundles (of fixed Chern class c) on X. We
will prove that this is not always the case, and we will give a necessary and
sufficient condition for the existence of such a structure.
2 THE AFFINE PICARD FUNCTOR 3
The condition “classifies families of linearly framed affine line bundles on X”
mentioned above can be formalised as follows: We define the functors
PicaffX,x0 : An
op → Set , PicaffcX,x0 : Anop → Set
in the following way: for a complex space T let A(1)XT ,x0 be the sheaf of
germs of Aff(1,C)-valued morphisms f : XT ⊇ U → Aff(1,C) such that
λ ◦ f U∩(T×{x0}) ≡ 1.
Fixing a Chern class c ∈ NS(X) will yield a subsheaf (see section 2.3 for
details)
R1cfT ∗
(A(1)XT ,x0) ⊂ R1fT ∗(A(1)XT ,x0) .
The functors PicaffX,x0 , Picaff
c
X,x0 are defined by
T 7→ H0(T,R1fT ∗(A(1)XT ,x0)), T 7→ H0(T,R1cfT ∗(A(1)XT ,x0))
(see [Gir71, Chapitre V.§3] for the definition of the functor R1 for sheaves on
non-Abelian groups).
The identification (2) suggests us to consider the functor
BcX,x0 : (An/Pic
c(X))op → Set
BcX,x0(T
g−→ Picc(X)) = H0(T,R1fT ∗(g × id)∗Lcx0) ,
where f is the projection Picc(X) × X → Picc(X). Associating to BcX,x0 the
functor B˜cX,x0 as in Appendix 4.2 we formulate our main comparison theorem
as follows:
Theorem 1.3. The functor PicaffcX,x0 is representable by a complex space V if
and only if ˜BcX,x0 is represented by V . Moreover, if V represents those functors
it has a natural structure of a linear space over Picc(X).
Clearly BcX,x0 is a much more manageable functor, because Lx0 is a locally
free sheaf and f is just a projection.
Functors of this type have been studied before. Proposition [Bin80, Satz 8.1]
gives a sufficient representability condition. We will prove that, in our case, this
condition is also necessary. This will give us the following
Theorem 1.4. The functor PicaffcX,x0 is representable if and only if the func-
tion l 7→ h0(Xl,Lcx0 l) is constant on Picc(X). If this is the case, then it is
represented by a linear fibre space over Picc(X).
2 The affine Picard functor. The linearly framed
affine Picard functor
For the rest of the article X denotes a compact complex space. For two complex
spaces X,T , XT = T ×X and fT : XT → T is defined as the first projection.
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2.1 The linear case and Grothendieck’s representability
theorem
First we will review a classic result and present a new way to look at it with
the method developed in the Appendix. This will give a clear motivation for
the following chapters. Define the functor PicX : An
op → Set by
PicX(T ) := Pic(XT /T ) = H
0(T,R1fT∗(O∗XT )) .
Recall that the set H1(X,O∗X) has a natural structure of an abelian com-
plex Lie group, which will be denoted Pic(X). The connected component of
the 0-element is the quotient H1(X,O)/H1(X,Z), which is Hausdorff, because
H1(X,Z) is closed in H1(X,O) [Gro60, Proposition 3.2].
Theorem 2.1. [Gro60, The´ore`me 3.3] The functor PicX is represented by
Pic(X).
We refer to [Bin80, Kapitel II.6] for a generalization of this theorem to a
relative complex space X → S. In the special case H0(OX) = C we have an
alternative interpretation of the functor PicX :
Remark 2.2. Suppose H0(OX) = C. Pic(X) also represents the functor
T 7→ Pic(XT )/Pic(T ) .
One obtains a new interpretation of the functor PicX using framed holomor-
phic line bundles. Let Pic(T ×X,T × {x0}) be the set of isomorphism classes
of holomorphic line bundles on T ×X framed along T × {x0} . This set has a
cohomological interpretation obtained as follows (see Appendix 4.1 for details).
Let O∗XT ,x0 ⊂ O∗XT be the subsheaf defined by
O∗XT ,x0 := ker
(O∗XT → O∗T×{x0}) .
Supposing H0(OX) = C, for any complex space T we have canonical identifica-
tions
Pic(T ×X,T × {x0}) = H1(T ×X,O∗XT ,x0) = H0(T,R1fT∗(O∗XT ,x0))
' H0(T,R1fT∗(O∗XT )) = PicX(T )
Remark 2.3. Suppose H0(OX) = C, and fix x0 ∈ X. Pic(X) also represents
the functor
T 7→ Pic(T ×X,T × {x0}) = H1(T ×X,O∗XT ,x0) = H0(T,R1fT∗(O∗XT ,x0)) .
A Poincare´ line bundle Lx0 normalized at x0 is a representative of the ele-
ment Pic(Pic(X)×X,Pic(X)× {x0}) which corresponds to idPic(X) under the
isomorphism
Pic(Pic(X)×X,Pic(X)× {x0})→ Hom(Pic(X),Pic(X)) .
Such a Poincare´ line bundle Lx0 defines an explicit isomorphism between func-
tors
T 7→ Hom(T,Pic(X)), T 7→ Pic(T ×X,T × {x0})
given by
ϕ 7→ (ϕ× idX)∗(Lx0) .
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2.2 The groupoid of affine line bundles and linearly framed
affine line bundles
The set of isomorphism classes of holomorphic affine line bundles on X is de-
noted by Picaff(X). This pointed set (pointed via the trivial bundle) has a co-
homological interpretation given by the natural identification [Hir56, I.Theorem
3.2.1]
Picaff(X) = H1(X,A(1)X) .
Let A be an affine line bundle over X. The frame bundle of A is defined
analogously to the frame bundle of a line bundle. More precisely, for x ∈ X put
Fx = {p : C→ Ax| p is an affine linear isomorphism} ,
and let F (A) be the disjoint union F (A) =
⊔
x∈X Fx. A point in F (A) is a pair
(x, p) where x ∈ X and p ∈ Fx. One can use local trivialisations of A to define
a complex manifold structure on F (A) such that, with respect to the obvious
right Aff(1,C)-action, the projection F (A)→ X given by (x, p) 7→ x becomes a
principal Aff(1,C)-bundle.
Definition 2.4. The frame bundle of A is the map F (A) → X endowed with
its natural principal Aff(1,C)-bundle structure over X.
Denote by λ : Aff(1,C)→ C∗ be right hand morphism in the canonical short
exact sequence
0→ C→ Aff(1,C)→ C∗ → 1 .
Definition 2.5. The linearisation of an affine line bundle A is the associated
bundle
λ(A) = F (A)×λ C→ X ,
where C∗ = GL(1,C) acts on C in the natural way.
Via linearisation, one obtains a map denoted by the same symbol,
λ : Picaff(X)→ Pic(X) .
We have a group monomorphism ϕ : Aff(1,C) ↪→ GL(2,C) obtained by identi-
fying Aff(1,C) with the subgroup{(
a b
0 1
)
, a ∈ C∗, b ∈ C
}
.
of GL(2,C).
The groupoid AX of affine line bundles on X is defined as follows: Ob(AX)
is the class of holomorphic affine line bundles on X, and the morphisms in this
category are affine line bundle isomorphisms over the identity. Furthermore we
define the groupoid EX to be the category whose objects are bundle eimor-
phisms E p−→ OX , where E is a locally free sheaf of rank 2. The morphisms from
E ′ p
′
−−→ OX to E ′′ p
′′
−−→ OX are isomorphisms E ′ u'−−→ E ′′ such that p′′ ◦ u = p′;
i.e., such that the following diagram commutes.
E ′ E ′′
OX
u
p′ p′′
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We can think of EX as the groupoid of vector bundle epimorphisms E → X×C
from a rank 2 vector bundle E to the trivial line bundle X ×C and we will use
this interpretation from now on. For an affine line bundle A let F (A)
q−→ X be
the frame bundle defined above. We define a functor Φ : AX → EX by sending
A to p : E → X × C as follows:
• Define E := F (A)×ϕ C2.
• The morphism q × pr2 : F (A) × C2 → X × C induces a vector bundle
epimorphism p : E → X × C.
The point here is that pr2 : C2 → C is Aff(1,C)-invariant via ϕ.
We also have a functor Φ′ : EX → AX which assigns to p : E → X × C
the pre-image of the section 1 ∈ Γ(X × C). See [Ple15] for the details of this
construction and the proof of the following theorem.
Theorem 2.6. The pair (Φ,Φ′) exhibits an equivalence of groupoids between
AX and EX .
We introduce a third groupoid LX whose objects are pairs (L, h), where
L is a locally free sheaf of rank 1 over X and h ∈ H1(X,L). For two pairs
(L, h), (L′, h′) a morphism is an isomorphism f : L → L′ such that f∗(h′) = h.
Next we define a functor Ψ : EX → LX by mapping an epimorphism E q−→ OX
to (L, h), where
• L is the kernel of q,
• h is the element of H1(X,L) = Ext1(OX ,L) defined by the extension
0 L E OX 0q
of OX by L.
Theorem 2.7. The functor Ψ exhibits an equivalence of groupoids between EX
and LX .
Note that in this case we do not have an obvious functor Ψ′ : LX → EX
such that (Ψ,Ψ′) is an equivalence of categories. On the other hand it is easy
to check (using the theory of extensions) that Ψ is fully faithful and essentially
surjective.
Theorems 2.6 and 2.7 show that the three groupoids introduced above have
the same isomorphism classes of objects.
Let l ∈ Pic(X) be an isomorphism class of line bundles on X. We define
H1(l) to be set of isomorphism classes of pairs (L, h) as above with L ∈ l. Note
that two pairs (L, h), (L, h′) are isomorphic if and only if there exists ζ ∈ C∗
such that h′ = ζh. This shows that, for any representative L ∈ l, we have a
canonical identification H1(l) ' H1(X,L)/C∗.
With this notation the set isomorphism classes of objects of the groupoid LX
decomposes as the disjoint union
⊔
l∈Pic(X) H
1(l). Combining with Theorems
2.6, 2.7 we obtain our first classification theorem which gives a set theoretical
description of Picaff(X):
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Theorem 2.8. The set of isomorphism classes of holomorphic affine line bun-
dles on X is given by the disjoint union
Picaff(X) =
⊔
l∈Pic(X)
H1(l) .
Therefore, for any line bundle L on X the set Picaff(X) contains the quotient
H1([L]) = H1(X,L)/C∗
(which is non-Hausdorff when H1(X,L) 6= {0}). This shows that, in general one
cannot hope to have an analytic space parameterizing the isomorphism classes
of affine line bundles. On the other hand we will see that the classification
problem for linearly framed affine line bundles, introduced below, is much more
manageable.
Fix a point x0 ∈ X. A linear x0-frame (or, simply a frame, when x0 is
fixed) for an affine line bundle A is a linear isomorphism C τ−→ λ(A)x0 . In the
language of Appendix 4.1, this is an (x0, λ)-frame, where λ : Aff(1,C)→ C∗ is
the linearisation map used in 2.5.
Definition 2.9. A linearly x0-framed affine line bundle on X is a pair (A, τ)
consisting of a holomorphic affine line bundle on X and a linear x0-frame of A.
An isomorphism g : (A′, τ ′)→ (A′′, τ ′′) is an isomorphism g : A′ → A′′ such
that λ(g)x0 ◦ τ ′ = τ ′′.
Definition 2.10. The set of isomorphism classes of linearly framed affine line
bundles is denoted by Picaff(X)x0 .
Similarly to the non-framed framework we have a cohomological interpreta-
tion of this set. Let AX,x0 be the sheaf of (locally defined) functions X ⊃ U f−→
Aff(1,C) such that λ ◦ f(x0) = 1 if x0 ∈ U . We then get the identification:
Picaff(X)x0 = H
1(X,A(1)X,x0) .
We introduce analogues of the three groupoids above in the linearly framed
framework. Let Ax0 be the groupoid whose objects are linearly x0-framed affine
line bundles on X, i.e. pairs (A, τ) consisting of an affine line bundle A on X,
and a frame C τ−→ λ(A)x0 (see section 4.1).
Correspondingly, the objects of the groupoid Ex0 are pairs (E p−→ OX , τ),
where E p−→ OX is an object of EX , and C τ−→ ker(p)(x0) is a linear isomorphism.
A morphism
(E p−→ OX , τ)→ (E ′ p
′
−−→ OX , τ ′)
in Ex0 is a morphism f : (E , p)→ (E ′, p′) in EX such that τ ′ = fx0 ◦ τ .
Finally we define Lx0 to be the groupoid whose objects are triples (L, h, τ)
such that (L, h) is an object in LX , and τ : C→ Lx0 is a linear isomorphism.
A morphism f : (L′, h′, τ ′)→ (L′′, h′′, τ ′′) in Lx0 is a morphism
f : (L′, h′)→ (L′′, h′′)
in LX such that τ
′′ = fx0 ◦ τ ′.
One easily checks that as above we get functors (denoted by the same sym-
bols) Φx0 : Ax0 → Ex0 and Ψx0 : Ex0 → Lx0 as well as analogues of the
theorems Theorem 2.6, Theorem 2.7 above.
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Theorem 2.11. The functors Φx0 : Ax0 → Ex0 and Ψx0 : Ex0 → Lx0 are
equivalences of groupoids.
Let Lx0 → Pic(X) × X be a Poincare´ line bundle normalised at x0. For a
point l ∈ Pic(X) we denote by Lx0 l the line bundle on X given by the restriction
of Lx0 on {l} ×X.
By definition Lx0 comes with a trivialisation on Pic(X) × {x0}, so with a
holomorphic family of linear isomorphism
τl : C→ Lx0 l(x0), l ∈ Pic(X) .
For any triple (L, h, τ) ∈ Ob(Lx0) we get a well defined isomorphism
L fτ−→ Lx0 [L]
satisfying the condition fτ (x0) ◦ τ = τ[L]. Therefore we get a well defined
cohomology class fτ (h) ∈ H1(X,Lx0 [L]). For two isomorphic triples (L, h, τ) '
(L′, h′, τ ′) one has fτ (h) = fτ ′(h′). Moreover, for any fixed isomorphism class
l ∈ Pic(X), the map
Ob(Lx0) 3 (L, h, τ) 7→ fτ (h) ∈ H1(X,Lx0 l) (where L is a representative of l)
identifies the set of isomorphism classes of objects (L, h, τ) with [L] = l with
H1(X,Ll). This gives the following description of the set of isomorphism classes
Picaff(X)x0 .
Theorem 2.12. Let Lx0 → Pic(X)×X be a Poincare´ line bundle normalised
at x0. One has a natural identification
Picaff(X)x0 =
⊔
l∈Pic(X)
H1(X,Lx0 {l}×X) .
Therefore the set of isomorphism classes of linearly x0-framed affine line
bundles decomposes as a disjoint union of finite dimensional complex vector
spaces.
2.3 The relative case
Theorems 2.11 and 2.12 have relative versions which will play an important
role in our proofs. For a complex space T , we define the groupoids AX,x0(T ),
EX,x0(T ), LX,x0(T ) as follows:
1. The objects of AX,x0(T ) are linearly (T × {x0}, l)-framed affine line bun-
dles (A, τ) on T ×X (see Appendix 4.1).
2. The objects of EX,x0(T ) are pairs
(p : E → OT×X , τ : (ker p)T×{x0}
'−→ OT×{x0}) ,
where E is a locally free sheaf of rank 2 on T×X, and p is an epimorphism.
3. The objects of LX,x0(T ) are triples (L, h, τ), where (L, τ) is a (T ×{x0})-
framed line bundle on T ×X and h ∈ H1(T ×X,L).
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In each case the morphisms in the three groupoids are isomorphisms of pairs,
respectively triples, in the obvious sense.
For a complex space T define A(1)XT ,x0 as the sheaf of germs of Aff(1,C)-
valued morphisms f : XT ⊇ U → Aff(1,C) such that λ ◦ f U∩T×{x0} ≡ 1.
Remark 2.13. The set of isomorphism classes of linearly (T ×{x0}, l)-framed
affine line bundles (A, τ) on T ×X is identified with H1(T ×X,A(1)XT ,x0).
Analogously to the non-relative version we obtain functors
Φx0(T ) : AX,x0(T )→ EX,x0(T ),
Ψx0(T ) : EX,x0(T )→ LX,x0(T )
Theorem 2.14. The functors Φx0(T ) and Φx0(T ) are equivalences of groupoids.
Let again Lx0 be a Poincare´ line bundle normalized at x0. This means that
we have a fixed a framing tx0 : Lx0 Pic(X)×{x0}
'−→ OPic(X)×{x0}.
Remark 2.15. Isomorphism classes of triples (L, h, τ) ∈ Ob(AX,x0(T )) corre-
spond bijectively to pairs (ϕ, σ) where
ϕ : T → Pic(X), σ ∈ H1((ϕ× idX)∗(Lx0)) .
Proof. Let (L, h, τ) ∈ Ob(AX,x0(T )), and let ϕ : T → Pic(X) the map defined
by L, so L ' (ϕ× idX)∗(Lx0). Since X is compact and H0(X) = C, the set of
isomorphisms L '−→ (ϕ × idX)∗(Lx0) is an H0(T,O∗T )-torsor, so there exists a
unique such isomorphism which maps τ on the pullback framing (ϕ× idX)∗(tx0)
of (ϕ × idX)∗(Lx0). Using this isomorphism we obtain a well defined class
σ ∈ H1((ϕ× idX)∗(Lx0)).
Using Remarks 2.13, 2.15 we obtain canonical identifications
H1(XT ,A(1)XT ,x0) '−→ {(ϕ, σ)| T ϕ−→ Pic(X), σ ∈ H1(XT , (ϕ× idX)∗Lx0)} (3)
which are functorial with respect to T . Now fix T , and use the identifications
(3) associated with open sets U ⊂ T . We obtain a presheaf isomorphism
FTx0 : ATx0 → CTx0 , (4)
where ATx0 , CTx0 are the presheaves of sets on T defined by
U 7→ H1(A(1)XU ,x0), U 7→ {(ϕ, σ)| ϕ : U → Pic(X), σ ∈ H1(ϕ× idX)∗(Lx0))}
respectively. We are interested in the sheaves A˜Tx0 , C˜Tx0 associated with these
presheaves.
Lemma 2.16. The presheaf BTx0 of sets on T given by
U 7→ {(ϕ, σ)| ϕ : U → Pic(X), σ ∈ H0(R1fU∗(ϕ× idX)∗(Lx0))} .
is a sheaf. There exists a natural presheaf morphism ηTx0 : CTx0 → BTx0 which
induces an isomorphism η˜Tx0 : C˜Tx0 → BTx0 .
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Proof. The first claim is obvious. The natural presheaf morphism ηTx0 is given,
for any open set U ⊂ T by ηUx0(ϕ, σ) := (ϕ, σ˜), where σ˜ is the image of σ under
the canonical map
H1(XU , (ϕ× idX)∗Lx0)→ H0(U,R1fU ∗(ϕ× idX)∗Lx0) .
For the last statement it suffices to show that the topology of T has a basis U
such that ηUx0 is a bijection for any U ∈ U . Using Cartan’s Theorem B and the
Leray spectral sequence associated with the sheaf (ϕ× idX)∗Lx0 and the proper
projection U ×X → U , we see that ηUx0 is a bijection if U is Stein.
The sheaf A˜Tx0 associated with ATx0 is the non-abelian first direct image
R1fT ∗(A(1)XT ,x0).
Remark 2.17. Via the sheaf isomorphism η˜Tx0 , the isomorphism F
T
x0 induces a
sheaf isomorphism
FTx0 : R
1fT ∗(A(1)XT ,x0) '−→ BTx0 .
We are almost ready to proof our first main theorem.
Definition 2.18. The functor
PicaffX,x0 : An
op → Set,
defined by
T 7→ H0(T,R1fT ∗A(1)XT ,x0)
is called the x0-framed affine Picard functor.
Furthermore define a functor Bx0 : Anop → Set which acts on objects by
BX,x0(T ) := H0(T,BTX,x0)
=
{
(T
ϕ−→ Pic(X), σ)| σ ∈ H0(T, fT∗((ϕ× id)∗(Lx0))
}
,
and on morphisms u : S → T via the base change maps.
Consider now the functor
BX,x0 : (An/Pic(X))
op → Set
associated with the sheaf Lx0 on Pic(X)×X, where Pic(X)×X is regarded as
a complex space over Pic(X):
BX,x0(T
g−→ Pic(X)) = H0(T,R1fT ∗(g × id)∗Lx0) .
Our functor BX,x0 is related to the Bingener functor by
Remark 2.19. With the notation introduced in Appendix 4.2 we have
B˜X,x0 = BX,x0 .
Our first main theorem is the following:
Theorem 2.20. Let X be a compact complex space with H0(OX) ' C.
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1. There exists an isomorphism of functors Fx0 : PicaffX,x0
'−→ BX,x0 .
2. The functor PicaffX,x0 is represented by a complex space V if and only if
there exists u : V → Pic(X) which represents BX,x0 .
Proof. Recall that the identifications (3) are functorial in T . Then so is the
sheaf isomorphism FTx0 from Remark 2.17, and these isomorphisms yield an
isomorphism of functors Fx0 : PicaffX,x0
'−→ BX,x0 . The claim follows now from
Remark 2.19 and Proposition 4.6.
Remark 2.21. The projection on the first factor gives a morphism of functors
P1 : BX,x0 → HomAn( · ,Pic(X)). The composition P1 ◦ Fx0 has an obvious
geometric interpretation: it maps a section
s ∈ H0(T,R1fT ∗A(1)XT ,x0) = PicaffX,x0(T )
to the map T → Pic(X) associated with the linearization
σ := lx0(s) ∈ H0(T,R1fT ∗O∗XT ,x0)
(see Remark 2.3).
Fix now a Chern class c ∈ NS(X). We define the subsheaf
R1c fT ∗A(1)XT ,x0 ⊆ R1fT ∗A(1)XT ,x0 ,
as the sheaf associated to the presheaf U 7→ H1(XU ,A(1)XU ,x0)c, where
H1(XU ,A(1)XU ,x0)c ⊆ H1(XU ,AXU ,x0)
consists of the subset of isomorphism classes of affine line bundles whose restric-
tion to X have Chern class c (i.e. the preimage of Picc(X) under the natural
map H1(XU ,AXU ,x0)→ Pic(X)). The functors
PicaffcX,x0 : An
op → Set ,BcX,x0 : Anop → Set ,
are then defined via
T 7→ H0(T,R1c fT ∗A(1)XT ,x0) ,
and
T 7→ {(T ϕ−→ Picc(X), σ)| σ ∈ H0(T, fT∗((ϕ× id)∗(Lcx0)))} .
One obtains as in 2.20:
Corollary 2.22. Let X be a compact complex space with H0(OX) ' C.
1. There exists an isomorphism of functors fx0 : Picaff
c
X,x0
'−→ BcX,x0 .
2. The functor PicaffcX,x0 is represented by a complex space V if and only if
there exists u : V → Picc(X) which represents BcX,x0 .
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3 Representability
Next we will look for conditions under which the above functors are repre-
sentable. Let M
f−→ S be a separated morphism, F be an S-flat coherent
OM -module, whose support is proper over S, and p be a natural number. For
a complex space T
g−→ S define
FFp (T ) = H
0(T,RpfT ∗(FT )) ,
where MT = T ×S M,fT = T ×S f and FT is the preimage of F under the
projection MT →M . Then FFp defines in a natural way a functor (An/S)op →
Vec(C), where Vec(C) is the category of vector spaces over C. We begin by
recalling a representability theorem of Bingener which will play an important
role of our arguments:
Theorem 3.1 ([Bin80] Satz (8.1)(3)). With the notations and under the as-
sumptions above the following holds:
If Rp−1f∗(F)s → Hp−1(Ms,Fs) is surjective for every point s ∈ S, then F
is represented by a linear fiber space over S.
We refer to [Fis76, p. 49] for the theory of linear spaces in the complex
analytic category.
Note that Bingener’s result gives only a sufficient representability condition.
We will see that, in our special case, the surjectivity condition in Bingener’s
Theorem 3.1 is equivalent to the very simple condition required in our Theorem
1.4, and that this condition is also necessary.
In our case, M = Pic(X)c ×X, S = Pic(X)c, f = pr1 is the first projection
and F = Lcx0 . Since X is compact, all the conditions listed above are fulfilled.
Moreover the functor BcX,x0 introduced in section 2.3 coincides with Bingener’s
functor F
Lcx0
1 , so Theorem 3.1 applies. Furthermore, we have p = 1 so we need
to examine the morphisms
f∗(F)s → H0(Ms,Fs). (5)
Recall the following definition from [BS76, p. 116, p. 122]:
Definition 3.2. Let M
f−→ S be morphism of complex spaces and F a coherent
sheaf on M with proper support, which is flat over S, and let s ∈ S. F is
cohomologically flat in dimension p at s if the canonical maps
Rp−1f∗(F)s → Hp−1(Xs,Fs), Rpf∗(F)s → Hp(Xs,Fs) ,
are surjective. F is called cohomologically flat in dimension p over S if it is
cohomologically flat at every s ∈ S.
Remark 3.3. Note that cohomological flatness in dimension 0 is equivalent to
the surjectivity of the maps f∗(F)s → H0(Xs,Fs), for s ∈ S.
A general criterion for cohomological flatness is given by the following the-
orem, due to Grauert, see [BS76, p. 134, Theorem 4.2 (ii)].
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Theorem 3.4 (Continuity theorem). Let g : M → S be a proper morphism, G a
coherent sheaf on M , flat over S and n a natural number. If G is cohomologically
flat in dimension n over S, then the function
z 7→ dimHn(Wz,Gz)
is locally constant. Conversely, if this function is locally constant and S is a re-
duced space, then G is cohomologically flat in dimension n over S. In particular,
the sheaf Rng∗(G) is locally free.
Combining Theorem 3.1, Remark 3.3 and Theorem 3.4, we obtain:
Corollary 3.5. If the map Picc(X) 3 l 7→ h0(Xl,Lcx0 l) is constant, then the
functor PicaffcX,x0 is represented by a linear space over Pic
c(X).
Before we continue discussing representability, let us look at a simple exam-
ple, a Riemann surface of genus 1.
Example. Let X be a compact Riemann surface of genus 1 and c 6= 0. The
map
Picc(X)→ Z, l 7→ dimH0(X,Lcx0 l)
is constant.
This follows from the fact that h0(Lx0 l) = 0 if c < 0 and h
1(Lx0 l) = 0 if c > 0
as well as Riemann-Roch
h0(Lx0 l) = h
1(Lx0 l) + degLx0 l − g + 1 = h1(Lx0 l) + degLx0 l
On the other hand, if c = 0, l → dimH0(X,Lx0 l) is not constant since
h1(Lx0 l) = 1 if Lx0 l
∼= OX and h1(Lx0 l) = 0 otherwise.
This shows that Theorem 3.5 does not apply in this case. On the other
hand, our Theorem 3.8, proved later in this section, shows that the functor
B0X,x0 cannot be represented by any complex space over Pic
0(X).
We are ready to prove the converse of Theorem 3.1 in the case that S is
reduced. That means we want to prove the last part of the following theorem.
Theorem 3.6. Let f : X → S be a separated holomorphic map and F an S-flat
coherent sheaf on X whose support is proper over S. If F is cohomologically
flat in dimension 0 then the functor F : (An/S)op → Set given by
F (T → S) = H0(T,R1fT ∗FT )
is representable. Conversely, if F is representable and S is reduced, then F is
cohomologically flat in dimension 0.
Proof. The implication “F is cohomologically flat in dimension 0”⇒ F is repre-
sentable is a special case of Bingener’s theorem Theorem 3.1 taking into account
Remark 3.3.
We prove now that (assuming S reduced), if F is representable, then F is
cohomologically flat in dimension 0.
Since S is reduced, it suffices to prove that the map s 7→ h0(Xs,Fs) is locally
constant on S by the Continuity Theorem 3.4. We will prove that this map is
constant on any irreducible component S0 of S. Put
k0 := min{h0(Xs,Fs)| s ∈ S0} ,
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and let U0 ⊆ S0 be the subset where this minimal value is obtained. By
Grauert’s semi-continuity theorem, its complement Z0 := S0 \U0 is an analytic
set of S0. We will prove by reductio ad absurdum that Z0 is empty. Suppose
this is not the case, and let z0 ∈ Z0.
Denoting by D the standard disk in C we note that
Remark 3.7. Let Y be an irreducible complex space, Z ( Y be an analytic
subset, and z0 ∈ Z. There exists a morphism h : D → Y such that h(0) = z0
and h(D \ {0}) ⊂ Y \ Z.
Proof. Let n be dimension of Y and I ⊂ OY be the ideal sheaf of Z. Since
the germs (Z, z0), (Y, z0) are different there exists ψ ∈ Iz0 \ {0}. Note that,
since the local ring Oz0 is an integral domain, ψ is not zero divisor in this
ring, so dim(OY,z0/(ψ)) = n − 1 by [AM94, Corollary 11.8]. Let (H, z0) be
the germ defined by the principal ideal (ψ), and note the inclusion of germs
(Z, z0) ⊂ (H, z0).
Let m0 ⊂ Oz0 , m¯0 ⊂ OY,z0/(ψ) be the maximal ideals of the respective local
rings. By [AM94, Theorem 11.14] it follows that there exist ϕ1, . . . , ϕn−1 ∈ m¯0
such that √
(ϕ1, . . . , ϕn−1) = m¯0 .
Let ψi be a lift of ϕi via the epimorphism m0 → m¯0, and note that the dimension
of the local ring OY,z0/(ψ1, . . . , ψn−1) is 1. Therefore the dimension of the germ
(Γ, z0) defined by the ideal (ψ1, . . . , ψn−1) is 1. The intersection of the germs
(H, z0), (Γ, z0) reduces to {z0}. Let g : (Γ˜, x0) → (Γ, z0) be a normalisation of
the reduction of (Γ, z0). It suffices to put h := g◦u, where u : (D, 0)→ (Γ˜, x0) is
a biholomorphic parametrisation of a sufficiently small neighborhood of x0.
Let h : D → S be a morphism as in the remark above. Since z0 ∈ Z0 we
have
h0(Xz0 ,Fz0) > k0 . (6)
Regarding D as a complex space over S via h, let G := FD. Denote by I0 the
ideal sheaf of the singleton {0} ⊂ D. Since F is flat over S, it follows that G is
flat over D, so the exact sequence
0→ I0 → OD → O{0} → 0
on D gives an exact sequence of coherent sheaves on XD:
0→ G ⊗ f∗D(I0)→ G → G ⊗ f∗D(O{0})→ 0 .
The associated pushforward long exact sequence on D reads:
0 fD∗(G ⊗ f∗D(I0)) fD∗(G) fD∗(G ⊗ f∗D(O{0}))
R1fD∗(G ⊗ f∗D(I0)) R1fD∗(G)
φ
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Denoting by ζ ∈ O(D) the holomorphic map given by the embedding D ↪→ C,
we see that I0 = ζOD, in particular I0 is free of rank 1, and multiplication with
ζ defines a sheaf isomorphism OD '−→ I0, hence a sheaf isomorphism
R1fD∗(G) = R1fD∗(G ⊗ f∗D(OD)) ζ˜'−−→ R1fD∗(G ⊗ f∗D(I0)) .
The composition φ◦ η˜ : R1fD∗(G)→ R1fD∗(G) is given by multiplication with ζ
on this OD-module. By Proposition 3.9 proved below we know that R1fD∗(G) is
torsion free on D, so this sheaf morphism is injective. Since ζ˜ is an isomorphism,
it follows that φ is injective.
This implies that the canonical morphism fD∗(G)→ fD∗(G⊗f∗D(O{0}) is an
epimorphism, in particular the canonical morphism of OD,0-modules
fD∗(G)0 → fD∗(G/m0G)0
is surjective. By [BS76, III. Theorem 3.4, Corollary 3.7] this is equivalent to
f being cohomologically flat in dimension 0 at 0. On the other hand the map
z 7→ h0(Gz) is constant k on D \ {0}, so by Grauert’s continuity theorem [BS76,
III. Theorem 4;12 (ii)] it follows that G is cohomologically flat in dimension 0
on D \ {0}. Therefore G is cohomologically flat on D, so again by Grauert’s
continuity theorem, it follows that map
D 3 z 7→ h0((XD)z,Gz) = h0(Xf(z),Gf(z))
is constant on D, which contradicts (6).
Finally we apply the developped methods to the case of affine line bundles.
Theorem 3.8. The functor PicaffcX,x0 is representable by a linear fiber space
over Picc(X) if and only if the function l→ h0(Xl,Lcx0 l) is locally constant.
We still need to add the following Proposition:
Proposition 3.9. Let f : X → S be a separated holomorphic map and F an
S-flat coherent sheaf on X whose support is proper over S. Suppose that the
functor F : (An/S)op → Set
F (T → S) = H0(T,R1fT ∗FT ) ,
is representable. Let g : T → S with T locally irreducible. Then the OT -sheaf
R1fT ∗FXT is torsion-free.
Proof. Fix a representation ϕ : F
'−→ hY with Y h−→ S. For g : T → S, let
0g ∈ F (g) be the trivial element and let Og = ϕ(0g) ∈ HomS(T, Y ). We call
this the zero section over g. Clearly, if Oid := OidS : S → Y is the zero section
over idS , for every g : T → S we have Og = g∗Oid. Suppose now that T is
irreducible and σ ∈ H0(T,Fg). Suppose U ⊆ T is an open subset such that
σ U = 0. Then:
σ U = 0⇔ ϕ(σ) U = Og U .
Using the identity theorem, we can deduce that ϕ(σ) = Og and therefore σ =
0g.
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4 Appendix
4.1 Appendix 1
Some technical results needed in the later chapters are presented in this section.
Let G be a complex Lie group, and X be a complex space. We denote by G
the sheaf of G-valued holomorphic morphisms defined on open sets of X. The
cohomology set H1(X,G) can be identified with the set of isomorphism classes
of G-principal bundles on X. Let now χ : G → C∗ be a character, and Z ⊂ X
be closed complex subspace.
Definition 4.1. Let P be a principal G-bundle on X. A (Z, χ)-frame of P is
a trivialisation τ : P ×χ C Z '−→ Z × C. A (Z, χ)-framed G-bundle on X is a
principal G-bundle endowed with a (Z, χ)-frame.
Let LP be the sheaf of sections of P ×χ C, which is given by
LP(U) = {ϕ ∈ O(PU )| ϕ ◦Rg = χ(g)−1ϕ ∀g ∈ G} .
Here we denoted by Rg the right translation associated with g. With these
notations we have
Remark 4.2. A (Z, χ)-frame of P is equivalent to the data of a sheaf isomor-
phism LP Z
∼=−→ OZ .
To simplify the notation (assuming that χ is clear from the context) we will
just write Z-frame of P, or framing of P along Z. A Z-framed G-bundle over
X is a pair (P, τ) consisting of a holomorphic principal G-bundle on X, and a
Z-frame of P. One has an obvious notion of isomorphism between Z-framed
G-bundles. We will denote by BunG(X,Z, χ) the set of isomorphism classes of
Z-framed G-bundles on X.
We define the subsheaf GχZ ⊂ G by
GχZ(U) := {f ∈ G(U)| (χ ◦ f) U∩Z = 1} .
The G-bundle Pα associated with a Cˇech cocycle α ∈ Z1(U ,GχZ) (for an open
covering U of X) comes with a line bundle isomorphism
τα : Pα ×χ C Z '−→ Z × C .
The point is the line bundle Pα ×χ C Z is defined by the cocycle
(χ ◦ α)Z ∈ Z1(U ∩ Z,GχZ)
which is trivial. It is easy to see that the isomorphism class of the Z-framed
bundle (Zα, τα) depends only on the cohomology class of α; so gets a well-defined
map
F : H1(X,GχZ)→ BunG(X,Z, χ)
Proposition 4.3. Suppose that χ has a right inverse, i.e. that there exists a
group morphism σ : C∗ → G such that χ ◦ σ = id. Then the map F is bijective.
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Proof. For the surjectivity, let (P, τ) be a Z-framed bundle on X. Any local
trivialization θ : PU → U ×G induces a local trivialisation
χ(θ) : PU ×χ C→ U × C .
Define a sheaf of sets T on X by
T (U) = {θ : PU '−→ U ×G| θ is a trivialisation} .
Note that for any x ∈ X stalk Tx is a Gx-torsor. Furthermore we define the
subsheaf T ′ ⊂ T of local trivialisations which are compatible with τ :
T ′(U) = {θ ∈ T (U)| χ(θ) U∩Z = τ U∩Z} .
For θ ∈ T (U) and ζ ∈ O∗X(U) we can define (using σ) a trivialisation ζθ ∈ T (U)
by ζθ := (idU , Lσ(ζ)) ◦ θ, where Lσ(ζ) : U ×G→ G is defined by
Lσ(ζ)(u, g) := σ(ζ(u))g .
One has the identity
χ(ζθ) = ζ(χ(θ)) .
Using this result, and the surjectivity of O∗X → O∗Z,x (for x ∈ Z) it follows that
for any x ∈ Z the stalk T ′x is non-empty. More precisely, this stalk is a GχZ,x-
torsor. For ever x ∈ Z let Ux be an open neighbourhood of x, and θx ∈ T ′(Ux).
Let also (θi : PUi → Ui ×G)i∈I be a system of trivialisations of the restriction
P X\Z . It suffices to note that (θj)j∈Z∪I is a system of trivialisations of P , and
the associated cocycle α ∈ Z1((U j)j∈Z∪I ,G) belongs to Z1((U j)j∈Z∪I ,GχZ).
A special case of Proposition 4.3 concerns the case G = C∗, χ = idCp∗, i.e.
the case of holomorphic line bundles on X framed along Z. Denote Pic(X,Z)
the set of isomorphism classes of pairs (L, τ) consisting of a line bundle L on X
and a trivialization τ of L Z . Define the sheaf ZO∗X to be the subsheaf of O∗X
that consists of germs of non-vanishing holomorphic functions that are equal to
1 ∈ C∗ for any point in Z. Proposition 4.3 yields:
Proposition 4.4. There is a natural identification Pic(X,Z) ∼= H1(X, ZO∗X).
4.2 Appendix 2
Let C be a category and F : C → Set be contravariant functor. Recall that
F is called representable if there exists an object U ∈ Ob(C) and a natural
isomorphism F ' Hom(·, U). A representation of F is a pair (U,Φ) where
Φ : F
'−→ Hom(·, U) is a natural isomorphism. Recall that a universal element
of F is a pair (U,α) consisting of an object U ∈ Ob(C) and an element α ∈ F (U)
such that for every pair (X,β) with β ∈ F (X) there exists a unique morphism
f ∈ HomC(X,V ) such that F (f)(α) = β.
Remark 4.5. Universal elements of F are in a bijective correspondance with
representations of F .
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Let now A be a category, let P ∈ Ob(A), and let A/P be the category
whose objects are morphisms T → P with T ∈ Ob(A) and whose morphisms
are commutative triangles. Let B : (A/P )op → Set be a contravariant functor,
and let B˜ : Aop → Set the contravariant functor defined on objects by
B˜(T ) := {(f, β)| f ∈ Hom(T, P ), β ∈ B(f)}
and on morphisms u : S → T by
B˜(u)(f, β) := (f ◦ u,B(uf )(β)) ,
where uf ∈ Hom(f ◦ u, f) ∈ HomA/P (f ◦ u, f) is the morphism associated with
u.
Proposition 4.6. Let V ∈ Ob(A), v ∈ Hom(V, P ) and α ∈ B(V v−→ P ). Then
(V
v−→ P, α) is a universal element of B if and only if (V, (v, α)) is a universal
element of B˜. In particular, B is representable if and only if B˜ is representable.
Proof. Suppose that (V
v−→ P, α) is a universal element of B and let (f, β) ∈
B˜(T ). Then there exists a unique morphism g ∈ HomP (Tf , Vv) such that
B(g)(α) = β. But that just means that B˜(g)(v, α) = (f, β). Clearly g is
unique as a morphism in Hom(T, V ) so (V, (v, α)) is a universal element of B˜.
The other direction of the proof follows from the same argument.
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